The out-of-equilibrium dynamics of the O(N + 1) nonlinear σ-model in 1+ 1 dimensions is investigated in the large N limit. Regarding the nonlinearity as the effect of a suitable large coupling limit of the O(N + 1) φ 4 model, we first of all verify that the two limits commute, so that the O(∞) nonlinear σ model is uniquely defined. Such model can be completely renormalized also in the out-of-equilibrium context, allowing us to study the consequences of its asymptotic freedom on the time evolution far from equilibrium. In particular we numerically study the spectrum of produced particles during the relaxation of an initial condensate and find no evidence for parametric resonance, a result that is consistent with the presence of the nonlinear contraint. Only a weak nonlinear resonance at late times is observed.
I. INTRODUCTION AND SUMMARY
The study of out-of-equilibrium dynamics in Quantum Field Theory is a difficult and fascinating subject, touching upon many different physical contexts. Recently, a great deal of attention has been paid to the relaxation of a bosonic condensate in interaction with its quantum and/or thermal fluctuations. Some of the main results of this research program have been obtained in the description of the inflationary dynamics, where one has to consider the expectation value of a scalar field rolling down towards equilibrium. Since similar scalar theories can be used to describe the low energy features of hadronic physics (like the interaction among pions), this subject has been studied also in connection with the formation of Disoriented Chiral Condensates (DCC), which may happen after the collision of two ultrarelativistic nuclei.
Thus, much work has been done about the quantum evolution out of equilibrium of the φ 4 model in 3 + 1 dimensions [1] [2] [3] [4] [5] [6] . As is well known [7] , the renormalized theory is trivial. Practically, this means that we should consider the model as an effective theory, keeping the ultraviolet cut-off Λ much smaller than some Landau scale. The logarithmic dependence on Λ should disappear from the renormalized quantities, while a weak inverse power dependence remains.
If we want to push the application of non equilibrium techniques to more fundamental theories, like QCD, we should consider that the ultraviolet properties change drastically. In those cases, in fact, there is no Landau Pole in the ultraviolet and the renormalized coupling becomes smaller and smaller as the momentum scale increases. This corresponds to the property of asymptotic freedom, whose presence justifies self-consistently the perturbative renormalization procedure and allows in principle to perform the infinite cut-off limit smoothly.
Motivated by this consideration, we analyse in this paper the dynamical properties of the non linear σ model in 1 + 1 dimensions, which is asymptotically free in the ultraviolet [8] . Thus, Λ can be pushed to infinity rigorously and there should exist a renormalized out-of-equilibrium dynamics, completely independent of the ultraviolet cut-off.
The linear and non linear σ models in 3 + 1 dimensions were introduced in elementary particle theory in order to provide a useful model of the low-energy strong interaction sector, which was able to realize the SU(2) × SU(2) current algebra and the Partial Conservation of Axial Current (PCAC) and satisfy the corresponding low energy theorems [9] . Afterwards, the non linear σ model has been considered fruitfully in many areas of Quantum Field Theory and Statistical Mechanics, mainly in the description of 2D spin chains and, quite recently, of disordered conductors and of quantum chaos [10] . This paper is organized as follows: in sec. II we first give the basic definitions and notations; then, we show explicitly that the large N limit and the large coupling limit, which turns the linear model in the non linear one, commute. More precisely, we show that the same classical (in the sense of Yaffe [11] ) hamiltonian is obtained, no matter in which order we perform the two limits. Previous studies on this subject were performed in [12] , using perturbative techniques and the derivative expansion for the model in 3+1 dimensions, with the conclusion that the divergent terms are universal, while finite parts do differs when taking the large coupling limit on the quantum corrections on the linear model, or calculating the same quantum corrections on the nonlinear model. In our case we find instead that the large coupling limit of the O(∞) φ 4 model is completely equivalent to the large N limit of the quantum non linear σ model. We also derive the evolution equations for the non linear model at the leading order in the 1/N expansion, in the case of a field condensate different from zero. We implement the constraint by the use of a Lagrange multiplier, which we denote m 2 , since it enters the dynamics as a squared mass. We show that the usual renormalization procedure, which makes the bare coupling constant depend on the UV cutoff, is sufficient to get properly renormalized, that is UV finite, evolution equations. Moreover, we characterize the ground state of the model, giving an interpretation of the dynamical generation of mass (the so-called dimensional transmutation) in terms of a compromise between energetic requirements and the constraint. We conclude by describing suitable initial conditions for the condensate and the quantum fluctuations.
In sec. III we present the analysis of the numerical evolution for the condensate and the Lagrange multiplier as well as for the number of particles created during the relaxation of the condensate (the quantum fluctuations). Remarkably, we do not find any period of exponential growth for the fluctuations. Actually, no spinodal instabilities were to be expected, since the symmetry is always unbroken in 1+1 dimension. But there occurs also no parametric resonance, as takes place instead in the unbroken symmetry scenario of the large−N φ 4 model in 3 + 1 dimension. This is due to the quite different nonlinearities of the σ−model and in particular to the nonlinear constraint [see eq. (2.17)] which sets an upper bound to the quantum infrared fluctuations [see fig. 3 ]. In fact, even if the constraint disappears as the bare coupling constant λ b vanishes in the infinite UV cutoff limit (asymptotic freedom), the quantum fluctuations in any given finite range of momentum remain constrained to finite values, as implied by the possibility of fully renormalize the model, including the constraint [see eq. (2.25)]. Because of this and of the reduced momentum phase space, we observe that the damping of the condensate is not as efficient as in the large−N φ 4 model in 3 + 1 dimension with unbroken symmetry. As a matter of fact our data do not even allow to establish for sure that the condensate will eventually relax to zero (in the case with zero angular momentum, see below).
In particular, we carefully study, by numerical fit and self-consistent analytic computations, the asymptotic evolution of the Lagrange multiplier. The estimated dependence of its asymptotic value, m(∞) 2 , on the initial condensate ρ 0 , turns out to be very well approximated by an exponential, which is the exact dependence of m (0) 2 [at infinite UV cutoff, see eqs. (2.23) and (2.24)]; remarkably however, the prefactor in the exponent is changed [see eq. (3.4)]. We also verify that, after the proper renormalization, the dependence of the asymptotic values on the UV cutoff Λ is only by inverse powers. As far as the emission of particles is concerned, we considered three different reference states: the initial state, the adiabatic vacuum state and the equilibrium vacuum state, that is the true ground state of the theory. The numerical results suggest a weak non linear resonance, yielding a relaxation of the condensate via particle production driven by power laws with non universal anomalous exponents, a result similar to what found in [3] for the asymptotic dynamics of φ 4 in 3 + 1 dimensions. However, more numerical as well as analytical work is necessary for a better quantitative estimates.
Finally, since we allow the condensate to have a number n of components larger than 1, we are able to study the evolution of configurations with non-zero angular momentum ℓ in the internal space of the field [see eq. (2.15)]. In this case we find numerical evidence for an adiabatic spectrum broader than in the case ℓ = 0 [see figure 16 ], suggesting a stronger coupling with hard modes. Again, more work is necessary for a better understanding of this issue.
The classical Lagrangian of the O(N + 1) σ model is given by
Where φ is a multiplet transforming under the fundamental representation of O(N + 1) and constrained to the N−dimensional sphere of radius λ −1/2 :
λ may be regarded as the coupling constant, since the sphere flattens out in the λ → 0 limit. The Hamiltonian corresponding to (2.1) reads
where J ij = φ i π j − φ j π i is the angular momentum on the sphere, π j being the momentum conjugated to φ j . This Hamiltonian can also be obtained as the g → ∞ limit of the linear model
where φ is now unconstrained and the potential V may be taken of the form
The quantum version of the linear model defines a textbook Quantum Field Theory (apart from the nontrivial strong coupling limit g → ∞). The quantum version of the nonlinear model (2.2) may be written instead
where we have used the projective coordinates (α 1 , . . . , α N ) on the sphere, namely 
We have replaced the coupling constant λ with λ b (the bare coupling constant) to stress the fact that in Quantum Field Theory it is generally cut-off dependent.
B. The N → ∞ limit Now we derive the quantum dynamics in the large N limit, applying a general technique already used in the analysis of the φ 4 dynamics in finite volume [13] and based on well-known work by Yaffe [11] . If we consider the non linear model as a limit of the φ 4 linear model (being this true at least at the classical level), we have to take two limits and we might wonder whether it is legitimate to interchange their order. To be more specific, if we first perform the large N limit in the linear model, we get a classical g−dependent unconstrained Hamiltonian H ∞ L , that admits a definite non linear limit H ∞ as g → ∞. We verify here that indeed the same Hamiltonian H ∞ follows if we start directly form the nonlinear quantum Hamiltonian (2.3) and take the N → ∞à la Yaffe.
Consider the quantum Hamiltonian of the linear model, with the couplings suitably rescaled to allow the large N limit
According to (a slight extension of) Yaffe's rules we end up with the classical Hamiltonian
where the classical canonical variables are defined as
and the nonvanishing Poisson brackets read
Let us observe that here the index j may run form 1 to n + 1, where n + 1 is the number of field components with non zero expectation value. As we shall see later, in practice one could always take n = 1 owing to the O(n + 1) symmetry of H ∞ L . The g → ∞ limit on the classical Hamiltonian H ∞ L is straightforward and reintroduces the spherical constraint in the new form
whose conservation in time implies
where we have introduced the condensed notation
Let us now come back to the quantum Hamiltonian (2.3) of the non-linear model. First of all we perform a similitude transformation of the Laplacian, to cast it in a form suitable for the application of Yaffe's method:
is the obvious multiplication operator andβ j (x) = −iδ/δα j (x) its conjugated momentum. Now, after the rescaling
, by the usual rules in the N → ∞ limit we obtain the classical Hamiltonian
where
and, just as in eq. (2.6),
are classical canonically conjugated pairs, with Poisson brackets identical to those in eq. (2.7). We take the indices of the classical fields α and β to run form 1 to n, having assumed that only the first n components of their quantum counterparts may have expectation values of order √ N. To show that the classical Hamiltonian H ∞ is equivalent to the g → ∞ limit of H ∞ L , we need only to solve the spherical constraint (2.8) that emerges in that limit. This amounts to the canonical parameterization of the constrained pairs (φ, π) and (w, v) in terms of the projective ones (α, β) and (η, χ). It reads
and in particular it implies, besides (2.8) and (2.9),
This result proves the complete equivalence between the g → ∞ limit on the leading 1/N term of the linear model (which imposes the new spherical constraint) and the N → ∞ limit of the quantum model directly formulated on the constraint manifold. Before closing this section, it should be noticed that, even though we gave the basic definitions and performed the entire computation for a field theory in 1 + 1 dimensions, the results in sections II A and II B remain valid also for a (D + 1)−dimensional theory, the only change being in the dimensionality of the integrals.
C. Dynamical Evolution
Let us now derive the evolution equation for this system in the case the fieldφ has a non zero, albeit uniform, expectation value φ in the initial state. The 2−point functions depend only on the difference x − x ′ , and can be parametrized by time-dependent widths σ k :
where Λ is the ultraviolet cut-off. Thanks to the O(n + 1) residual symmetry, we can choose φ to have only two non-zero components. In other words the condensate will move on the plane specified by the initial conditions for φ and its velocity. Using eq. (2.14), we may write the Lagrangian density corresponding to the (g → ∞ limit) of the Hamiltonian (2.5) as
We have kept into account the constraint by introducing the Lagrange multiplier m 2 . The corresponding Euler-Lagrange evolution equations read, in polar coordinates
with the definitions ℓ = ρ 2θ (the conserved angular momentum of the condensate) and
The first thing we can do is to look for the minimum of the Hamiltonian, that is the ground state of the theory which corresponds to the vanishingρ,ρ,σ k ,σ k and ℓ. The equations to solve are:
The solution m = 0 is not acceptable, because it yields a massless spectrum for the fluctuations and gives an infrared divergence that violates the constraint. This is nothing else than a different formulation of the well-known Mermin-Wagner-Coleman theorem stating the impossibility of the spontaneous symmetry breaking in 1 + 1 dimensions [14] . Thus, the unique solution is: ρ = 0 and σ k = 1 2
(k 2 + m 2 ) −1/2 . This result allows for an interpretation of the mechanism of dynamical generation of mass as the competition between the energy and the constraint: in order to minimize the "Heisenberg" term in the Hamiltonian, the zero mode width, that is σ 0 , should be as large as possible; on the other hand, it cannot be greater than a certain value, because it must also satisfy the constraint. The compromise generates a mass term, the same for all modes, which we call m eq
We can take the mass at equilibrium as an independent mass scale defining the theory, as dictated by the dimensional transmutation, and the relation between this mass scale and the bare coupling constant is read directly from the constraint (2.17)
When the system is out of equilibrium, the Lagrange multiplier m may depend on time. Its behavior is determined by the fact that the dynamical variables must satisfy the constraint. After some algebra, this parameter can be written as:
We can describe the quantum fluctuations also by complex mode functions z k , which are related to the real function σ k by:
One can recognize in the second term on the r.h.s. of the last equation in (2.21) the centrifugal energy induced by Heisenberg uncertainty principle. We choose the following initial conditions for this complex mode functions:
where ω k = √ k 2 + α 2 and α is an initial mass scale. It is worth noticing here that such a form for the initial spectrum of the quantum fluctuations does not allow for an initial radial speed for the condensate degrees of freedom, unless we start from ρ 0 = 0. This is easily seen by differentiating (2.17) with respect to time.
Moreover, we should stress that α might be different from the initial value of the Lagrange multiplier. In fact, once the initial value for ρ is fixed, α can be determined by means of the constraint equation and it turns out to be α(ρ 0 ) = m eq exp 2πρ On the other hand, the initial value for the Lagrange multiplier is given by
that is equal to the initial mass scale α 2 only if we push the ultraviolet cut-off to infinity. To properly control for any time the ultraviolet behavior of the integrals in eqs. (2.18) and (2.20), one should perform a WKB analysis [15] of the solution. One finds the following asymptotics for the mode functions:
From the above formula it is clear that the logarithmic ultraviolet divergence in Σ is completely determined by the initial spectrum. For the divergent integral Θ in eq. (2.20) the situation is more involved. Explicitly one finds:
and
have finite limits as Λ → ∞. We have introduced in the above formulae a subtraction point µ. There correspond a renormalized coupling constant λ running with µ, as the Λ → ∞ limit of the relation
and a renormalized constraint
With this definitions, the equilibrium mass scale m eq can be written as
which by consistency with eq. (2.23) implies
In conclusion we can rewrite the constraint and the Lagrange multiplier as
For large but finite UV cutoff these expressions retain a inverse power corrections in Λ. In the actual numerical calculations whose results will be presented in the following section, we used the "bare" counterparts of eqs (2.25) with finite cutoff and the definition (2.19) of the bare coupling constant is used to reduce to inverse power the cutoff dependence. Let us conclude this section by summarizing the steps we need to do, before trying to solve numerically the equations of motion. Once we have fixed the UV cutoff, the equilibrium mass scale m eq and the initial value for the condensate ρ 0 , we can determine the initial mass scale α in the fluctuation spectrum from eq. (2.23), which in turn gives the initial conditions for the complex mode functions [cfr. eq. (2.22) ]. Now, we need to specify the remaining initial values for the condensate, namely its velocityρ 0 and its angular momentum ℓ, which must be consistent with the constraint (2.9). Finally, eq. (2.25) completely determines the initial value for the Lagrange multiplier m 0 , which has exactly the same infinite cutoff limit as α, but differs significantly from it for finite cutoffs.
III. NUMERICAL RESULTS
We have studied numerically the following evolution equations φ + m 2 φ = 0
where φ = φ 1 + iφ 2 = ρ e iθ , ρ 2θ = ℓ and |φ| 2 =ρ 2 + ℓ 2 /ρ 2 , while the bare coupling constant λ b is given by eq. (2.19). The initial conditions for φ,φ and z k [see eq.s (2.22)] must satisfy the constraints (2.8) and (2.9), that are then preserved by dynamics.
In the classical limit the quantum fluctuations z k disappear from the dynamics. In that case the stationary solutions are trivial:
with arbitrary value for the angular momentum ℓ. Thus there are stationary solutions corresponding to circular motion with constant angular velocity.
When we include the coupling with quantum fluctuations, we still obtain stationary solutions, parametrized by ℓ which assumes arbitrary positive values. They have the following form:
where x depends on ℓ through 2πℓ m eq x + sinh
which reduces to x log x = 2πℓ/m eq in the infinite cut-off limit.
A. Evolution of condensate and Lagrange multiplier
In order to control the dependence of the dynamics on the ultraviolet cutoff, we solved the equations of motion for values of Λ ranging from 5m eq to 20m eq , with an initial condensate ranging from ρ 0 = 0.2 to ρ 0 = 0.7. We mainly considered the case ℓ = 0. A typical example of the time evolution of the relevant variables is showed in Fig.s 1, 2 and 3 . Figure 4 shows the evolution of the Lagrange multiplier m(t)
2 for Λ/m eq = 20; in this case, its starting value is 2.630632. Due to the lack of massless particles, the damping of the oscillations of ρ and m 2 is very slow, as already noticed in [4] for the linear model in 1 + 1 dimensions; the dissipation is not as efficient as for the unbroken symmetry scenario in 3 + 1 dimensions, because of the reduced phase space. A detailed numerical study of the asymptotic behavior and a FFT analysis of the evolution allows a precise determination of the asymptotic value and the main frequency of oscillation of the Lagrange multiplier:
where the function p(t) turns out to be
The logarithmic dependence in the phase could be justified by self-consistent requirements (see below), along the same lines of the detailed calculations performed in ref. [3] in a similar context. Numerically it is very difficult to extract and we do not attempt it here. Comparing further our result with that reported in ref. [3] , we should emphasize that we do not find any oscillatory component of frequency 2m 0 , as happens instead for the φ 4 model in 3 + 1 dimensions. Moreover, as figure 5 shows, both the asymptotic mass m ∞ and the amplitude A depend on the ultraviolet cutoff Λ. This dependence may be fitted with great accuracy through a low order polynomial in 1/Λ 2 , showing that the standard renormalization holds at any time, as anticipated by the WKB analysis. Therefore, the extrapolated parameters m It is interesting to observe that at large UV cutoff m ∞ has an exponential dependence on ρ 0 analogous to that of m 0 (which coincides to α at Λ = ∞). Most remarkably the prefactor in the exponent is modified by the time evolution: we find
The determination of γ is rather rough due to the uncertainties in the values of m ∞ extrapolated to Λ = ∞ at larger ρ 0 . Notice in any case that the analog of γ for m 0 is 2π = 6.28 . . . . We also performed some computations for ℓ > 0, with the following results: if we start from an out of equilibrium value for ρ, it will relax through emission of particles towards a fixed point, different from the equilibrium value determined by eq. Before closing this section, we should comment a little further on the evolution of the condensate ρ. When ℓ = 0, fig. 18 shows that the oscillations are actually around zero. However, from the available data, it is not possible to decide whether the amplitude will eventually vanishes or will tend to a limiting cycle (see fig. 19 ).
On the other hand, in the case of ℓ = 0, it is already clear that the condensate does not relax to the state of minimum energy compatible with the given value of ℓ, which would correspond to the circular orbit with radius given by eq. (3.1). However, it may still relax to a circular orbit with a different radius and a different (larger) energy. More detailed and longer numerical computations are needed to decide whether the damping reduces the oscillation amplitude to zero or not.
B. Emission spectrum
Once the evolution equations for the complex mode functions has been solved, it is possible to compute the spectrum of the produced particles. First, we should say that the notion of particle number is ambiguous in a time dependent situation. Nevertheless, we may give a suitable definition with respect to some particular pointer state. We choose here two particular definitions, the same already used in the study of the Φ 4 model [3] , plus a third one. The first choice corresponds to defining particles with respect to the initial Fock vacuum state, the second with respect to the instantaneous adiabatic vacuum state, and the third to the equilibrium vacuum (the true vacuum of the theory). The corresponding expressions in terms of the complex mode functions are:
We report our numerical findings on these quantities in figs. 8 -17 . Since the Lagrange multiplier tends asymptotically to a constant value m 2 ∞ , the condensate ρ(t) oscillates with frequency m ∞ and the mode functions z q (t) with frequency ω(q) = q 2 + m 2 ∞ . This implies that particle spectra N in k (t) and N eq k (t) are more and more strongly modulated as time elapses, as figs. 14 and 15 show; on the contrary, N ad k (t) is a slowly varying function of the momentum k (cfr. figs. 8 -13) , because the oscillations of the mode functions are counterbalanced by the time dependence of the adiabatic frequencies k 2 + m(t) 2 . Finally, fig. 17 allows for a comparison of the spectra related to different initial values of the condensate.
Looking at the momentum distribution of the created particles at different times, we see the formation of a growing peak corresponding to soft modes. We can give an analytic, self-consistent description of this behavior at large times through a perturbative approach, similar to the one used in ref. [3] . We split the time-dependent Lagrange multiplier in two parts, as in equation (3.2) and we treat the "potential" p(t)/t perturbatively, as is done in [3] . We find the following solution:
which is equivalent, up to terms of order O(1/t 2 ), to
with Ψ(t) = 2m ∞ t+ γ 1 log t+ γ 2 . The logarithmic dependence is due to the "Coulomb form" of the perturbative term p(t)/t in the equations of motion. The expression (3.5) displays resonant denominators for ω q = m ∞ , that is q = 0. The perturbative approach is valid as long as the first order correction is small compared to zeroth order. Such a condition is satisfied if
that implies q 2 > A/4t for non relativistic modes. Thus the position of the peak found before may be interpreted as the result of a weak nonlinear resonance. The asymptotic behavior of the condensate and the mode functions related to soft momenta must be obtained through non-perturbative techniques, implementing a multitime scales analysis and a dynamical resummation of sub-leading terms. A self-consistent justification of the numerical result (3.2), along with the power law relaxation behavior for the expectation value (with nonuniversal dynamical anomalous dimensions), are likely to be obtained following the line of the analysis performed in [3] for the φ 4 model in 3 + 1 dimensions. From the numerical study of the complete spectrum history, we conclude that no exponentially growing (parametric or spinodal) instabilities are present in the case at hand, as apparent from Fig.s 8 -13 , which show the spectrum of produced particles with respect to the adiabatic vacuum state.
IV. OUTLOOK
The natural continuation of this paper is the detailed numerical study of the evolution, in order to give a precise picture of the process of dissipation via particle production in the framework of this constrained, asymptotically free model. It should be possible to determine precisely the power laws that characterize the asymptotic evolution of relevant variables, like the condensate, the Lagrange multiplier and the number of created particles. After this, one should be able to decide whether, at zero angular momentum, the damping leads to the complete dissipation of the energy stored in the condensate or the system evolves towards a limit cycle with an asymptotic amplitude different form 0. Also a comparison with the linear model in 1 + 1 dimension might be useful to understand the peculiarities of the dynamics in a constrained model.
Moreover, it would be very interesting to study the dependence of the evolution on the value of ℓ, the angular momentum of the field in the internal space. As the preliminary results presented in this paper show (see figure 16 ), the asymptotic state is far from the state of minimum energy compatible with the given value of ℓ. Remarkably, the adiabatic spectrum of produced particles in case of ℓ = 0 is broader than that one corresponding to ℓ = 0, suggesting a stronger coupling with hard modes. 
